A DOLBEAULT ISOMORPHISM THEOREM IN 
INFINITE DIMENSIONS 

SCOTT SIMON 

Abstract. For a large class of separable Banach spaces, we prove 
the real analytic Dolbeault Isomorphism Theorem for open subsets. 



1. Introduction 

Dolbeault 's isomorphism theorem states that if E — > M is a finite 
rank holomorphic vector bundle over a finite dimensional complex man- 
ifold, then its sheaf and <9-cohomology groups are isomorphic: 

H q (M, E) « H^ q (M,E). 

The case where E is the trivial bundle can be found in jDj. Our goal 
here is to extend this theorem to infinite dimensions. An obvious ex- 
tension fails, even when M is a domain in a Banach space. Indeed, in 
|P] . Patyi gives an example of a complex Banach space X (which even 
has an unconditional basis, see below) whose unit ball B has 

H*(B,O) = 0, q>l, 

but there is a closed / G Cq\(B) that is not exact, hence H 0,1 (B) ^ 0. 
We shall, however, show that a Dolbeault-type isomorphism theorem 
can be proved in open sets in rather general Banach spaces — in par- 
ticular in the Banach spaces Patyi considers — if the Dolbeault groups 
are defined in terms of real analytic forms. 

Thus, let X be a complex Banach space, Q C X open, E — > Q a 
holomorphic Banach bundle, and A PtQ = A^ q the sheaf of real analytic 
(p, g)-forms on Q, with values in E, p, q = 0, 1, 2, . . .. Then the operator 
d : A pq — > A p q+i can be defined, much as in finite dimensions, see e.g. 

o. 
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Theorem 1.1. If X has an unconditional basis, then 



(1.1) 



H q (n,E) 



Ker {d : T(Q,A , q ) -+ T(Q,A , q+1 )} 
Im{d:T(n : A , q -i)^r(n,A , q )} 



Not surprisingly, the theorem will be obtained by considering the 
sheaf O e of germs of holomorphic sections of E and the complex 



It is known |L1[ Proposition 3.2] that (jl.2j) is exact, unlike its C°° 
counterpart. Therefore the abstract de Rham Theorem (see, e.g., |W| 
Theorem 3.13]) would give (jl.l|) if we knew that the sheaves Ao >g are 
acyclic, i.e. H P (Q, Ao iq ) = for p > 1. This is what we are going to 
show, in fact in somewhat greater generality. 

Theorem 1.2. Let Xr be a real Banach space with unconditional basis, 
C Xr open, F — > Q a real analytic Banach bundle, and A r the sheaf 
of real analytic r— forms with values in F. Then H p (Q,A r ) = for 
p > 1, r > 0. 

In jC], Cartan obtained a similar result in finite dimensions. As 
there, the key will be the following theorem: 

Theorem 1.3. If X^ is a real Banach space with unconditional basis, 
X D Xk its complexification, then any set S C Xr has a neighborhood 
basis in X consisting of pseudoconvex open sets. 

The finite dimensional case follows a similar outline. The key step 
was a cohomology vanishing theorem which lead to the acyclicity of the 
resolution 11.21 In 1957, Cartan discussed the real analytic cohomology 
of real analytic manifolds j^j. If there is a real analytic totally real 
imbedding into a complex manifold and the image has a Stein neigh- 
borhood basis, then the corresponding Theorems A and B for the sheaf 
of germs of real analytic sections hold. As noted above, the abstract de 
Rham Theorem, together with acyclicity (Theorem B), imply the coho- 
mology isomorphism theorem. In 1958, Grauert completed the picture 
by proving the necessary imbedding theorem as part of an investiga- 
tion of the Levi Problem [Gj. In Grauert's approach, a pseudoconvex 
neighborhood basis again plays a key role. Grauert's results do not 
simply carry over to infinite dimensions, since they rely on compact 
sets with nonempty interior. Such compact sets are not available in 
infinite dimensions. Still, a part of the proof of Theorem 11.31 namely 
the proof of Theorem 13 . II has some similarities to Grauert's method. 



(1.2) 



-> O e -> Ao,o ^ A 



<-> 
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2. Background 

Let (Xr, II ||) be a real Banach space. We define the complexification 
X = Xr©zXr of X K as this direct sum of vector spaces, with the usual 
complex multiplication: if Xi,x% G Xr, a,/3 G R, then 

(a + i/3)(xi + zx 2 ) = (cexi — (3x2) + i((3x\ + ax2). 

Given xi, x% G Xr and x = X\ +ix2, we define the projections 9ft : X — > 
Xr and S : X — > Xr by 9ftx = £i and Sx = x<i- We define the norm 

||z||' = sup ||9ft(e ie x)||. 

0<6»<2tt 

Since || || agrees with || ||' on Xr, we will write || || for both. Both 9ft 
and S are real linear maps of norm 1. Define conjugation, a real linear 
isometry conj:X — > X, where conj(x) = 9ftx — i^sx. We will also write 
x i — * x for conjugation. In general, when discussing the complexifica- 
tion of a Banach space, we will use a Roman capital letter with the 
subscript K to denote a real Banach space, and use the same letter 
without the subscript to denote its complexification. However, we will 
sometimes denote a real Banach space by a Roman capital letter and 
use the same letter with the subscript C to denote its complexification. 
For more information on complexified Banach spaces, see [S]. 

Again, let Xr, Yr be real Banach spaces. Let fl C Xr be an open 
set, and let / : O — > Yr. Then / is said to be real analytic if there are 
a neighborhood U = conj(C7) C I of and a holomorphic function 
g : U —>■ Y such that g restricts to / on Q. As in the finite dimensional 
case, and in the differential and complex categories, a real analytic 
Banach manifold is a Hausdorff space glued together from open subsets 
of a Banach space by real analytic "gluing functions" . A real analytic 
vector bundle is given by a real analytic map it : E — > M of analytic 
Banach manifolds; each fiber of 7r is endowed with the structure of a 
real vector space. It is required that for each x G M there should 
exist a neighborhood U C M, a Banach space Yr, and a real analytic 
map 7r _1 ?7 — > U x Yr that has a real analytic inverse, and maps the 
fibers 7T _1 linearly on {£} x Yr pa Yr, £ G U. A real analytic E- valued 
differential r-form 

r 

f : 0TM^E 

is a real analytic map which is multilinear on fibers, and respects foot- 
points. This is all as in the finite dimensional case. For precise defini- 
tions of manifolds, vector bundles, etc., see |Llj . 

We wish to show that holomorphic functions are real analytic. But 
first, we will need some further background (found in |M]). Given 
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complex Banach spaces W, Z, an open set Q C W, and a function 
/ G 0(Q,Z), for each a £ Q there are /c-homogeneous polynomials 
P k : W -> Z such that 



(2.1) /(x) = ^P fe (x 



fc=0 

in a neighborhood of a. To each fc-homogeneous polynomial P k there 
is associated a unique symmetric fc-linear map A k such that P k [x) = 
A k (x, . . . x). The sum (|2.1|) is a Taylor series, and the fcth multiliniar 
map is proportional to the iterated fcth differential of /. 
Define 

llPJI = sup ||P fc (x)|| 



Ik <i 



and 



\A k \\ = sup ||A fc (a;i, ...x k ) 
lkill>— Ikfcll^i 



Then \\A k \\ < e k \\P k \\ by (Ml Exercise 2.G]. The Cauchy-Hadamard 
formula tells us that the radius of uniform convergence, R, of (j2.1)l is 
given by P -1 = limsup fc ||Pfc|| 1//fc . 

Proposition 2.1. Let X and Y be complexified Banach spaces, G C X 
open and connected, G PI X R ^ 0, and f G 0{G,Y). If f\cnx m = 0, 
then f = 0. 

Proof. Choose a G G PI X R , and write 

oo 

/(x) = /(a) + A fc (x - a, ... x - a). 
fc=i 

By assumption, /(a) = 0. But since is proportional to the kth 
differential of f, A k = in all real directions. Since any x G X is 
a linear combination of + = by complex multilinearity. 

Therefore, / = 0. □ 

Now we can prove that holomorphic functions are real analytic. 

Proposition 2.2. Given complex Banach spaces W, Z , and an open 
set QcW, then 0(fl, Z) c A(Q, Z). 

Proof. For aeO arbitrary, write 

oo oo 

(2.2) fix) = p k(x - a) = M% ~ a, ■ ■ ■ x - a). 

k=0 k=0 

Since any complex multilinear map is also real linear, we can disregard 
the complex structure on W and Z, and still write / as a sum of real 
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multilinear maps near a. We may extend A k to the complexification Wc 
of W in the natural way; if X\, . . . x k , yi, ■ ■ ■ y k G W, and multiplication 
by % refers to the complex multiplication in Wc and Zc, define the 
extension Ak : Wq x . . . x Wc — * Zq of Ak by the formula 

A~k(xi +iyi,...,x k + iy k ) = A h (xi, ...,x k ) + iA k (xi, x k -i, y k ) 
+ iA k (x l7 . . . , x k - 2 , Vk-i, x k ) + ... + iA k (yi, x 2 ,..., x k ) 
+ i 2 A k (x!, x k -2, Vk-i, y k ) + ■■■+ i 2 A k {y u y 2 , x 3 , . . . ,x k ) + . . . 

+ i k A k (yi,...,y k ). 

Observe that there are 2 k terms in this sum. To each A k , a homo- 
geneous polynomial Pk can be associated. We now investigate the 
convergence of 

oo 

(2.3) Y,P k ((x + iy)-a). 

k=0 

We can estimate the terms: 

\\P k ((x + iy) - a)\\ < 2 fe p fc ||max(||a;-a||,||?/||) 

<2 fe e fc ||P fc ||max(||x-a||,|| 2/ ||) fe . 

According to the Cauchy-Hadamard formula, the radius of uniform 
convergence R of (J2.2|) is given by 

R- 1 = limsup||P fc || 1/fc . 

k 

Thus, if we use the root test for the sum 

oo 

J2\\Pk((x + iy) 



f — a) 

k=0 



we have 



\imsup\\P k ((x + iy) -a)|| 1/fc 

k 

< 2emax(||a; — a\\, \\y\\) limsup HP^II 1 ^ 

k 

< 2ei?~ 1 max(||a; — a\\, \\y\\). 

Therefore ()2.3|) converges uniformly on a neighborhood containing the 

set 

{x + iy G X : max(||x — a\\, \\y\\) < R/2e}. 

Then / can be extended to a holomorphic function in a W^c-neighborhood 
of any a G Q. But we would like to find a single neighborhood G C Wc 
of Q to which we can extend /. We will check that the sums ()2.3J) which 
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converge in a ball centered at each o£fl agree on the overlaps of these 
balls. If so, then they define a holomorphic function on a neighborhood 
of Q. Suppose g and g' are two extensions of / on two overlapping balls. 
Then both agree on the intersection of their domains intersected with 
Q. By Proposition 12. 1[ g — g' = on the entire intersection of their 
domains, or g = g' on the overlap, as required. □ 

Definition 2.3. Given complexified Banach spaces X and Y , and an 

open set U C X such that U = conj(U), a function f : U —>■ Y is called 
"real-type holomorphic" or, "of real type" (written f G 0^(U,Y)) if f 
is holomorphic and commutes with conjugation, i.e. f(x) = f(x). 

If this is the case, and if x G U D Xr, then f(x) G 1r. Observe that 
the sum, direct sum, composition, etc. of two real-type holomorphic 
functions is again of real type. If a sequence of real-type holomor- 
phic functions converges locally uniformly, the limit is also a real-type 
holomorphic function. 

A real (complex) Banach space X has a Schauder basis if there are 
{ e j}jen C X such that any x & X can be written uniquely as a sum 



If (|2.4|) converges unconditionally, i.e. independently of any rearrange- 
ment of terms for all x G X, then {e-,} is said to be an unconditional 
basis. A Schauder basis of a real Banach space Xr is also a Schauder 
basis of its complexifictation, X, and an unconditional basis of Xr is 
also an unconditional basis of X. 

If X is a complex Banach space, a pseudoconvex set P C X is an 
open set such that — log(dist(x, dP)) is plurisubharmonic in P. Ob- 
serve that X itself is also pseudoconvex. 

3. A Pseudoconvex Neighborhood Basis 

Theorem 11.31 is proved in two steps. The first step is the following 
theorem. 

Theorem 3.1. Let X be a complexified separable Banach space and 
let Q C Xr be open. Then there is a pseudoconvex P C X such that 

pnx R = n. 

Proof. If Q = Xr, then P = X will suffice. Otherwise, Xr \ Q is 
nonempty. Let A C Q be a countable dense subset. For every a G 
A, b G Xr \ Q, define l a b to be a real linear functional on Xr of norm 1 
such that l a b(a — b) = \\a — b\\. Extend £ a & to a complex linear functional 



oo 
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of real type by setting l ab x = l ab (Jfox) + il ab {^sx). Now let {ak}^L be 
an enumeration of A, and set 

oo 

(3.1) <p b {x) = Y,^\laAx-b)) 2 

k=0 

oo 

= W***) 2 - Wa kb x)(l akb b) + (/ afc6 6) 2 ) 



k=0 



whence for any M > 0, the family {<j) b }, \\b\\ < M is uniformly equicon- 
tinuous on bounded subsets of X. Since the series is locally uniformly 
convergent, <p b is an entire holomorphic function. As the sum of real- 
type functions, <p b is itself of real type. Furthermore, on Q we can 
estimate (ft b from below uniformly in b: Let r(x) = dist(x, Xk \ Q), and 
fix x G Q. Choose a k() G A such that \\x — ak \\ < r(x)/4. Observe that 



^4- fc (/ afcb (x-6)) 2 >4- fc o(/ afco6 (x-6)) 2 



fc=0 



Thus, if we set 



> 4~ ko (l ako b(a ko - b) - l akb {x - a ko )f 
>4- fc "((||a fc -6||-||x-a feo ||) 2 
>A- k0 (r(a k() )-r(x)/A) 2 

> A' k °(3r(x)/A-r(x)/A) 2 

> A-^rix? > 0. 



u(x) = sup —3l((f> b (x)) , x G X 
bex x \n 



we have u(x) < for x G £1. Furthermore, u(x) = on Xr \ Q, since 
clearly u < on Xr, and for any b G Xr \ fl, 4> b {b) = 0. 
Next we show that u is continuous. From (j3.1|) . 

liminf K0 6 (x)/||6|| 2 

||b|Hoo 

f oo 

> liminf <^ $t(l aob (a -b) + l aob (x - a )) 2 - V A- k \\x - 6|| s 



k=l 



> liminf ||a -b\\ 2 /\\b\\ 2 - 1/2 > 1/2 



uniformly for x in a bounded set V. Hence, given V, ^(f) b — > oo as 
— ► oo uniformly on V, and so 

= sup — 3?0b(x) = sup — 3fJ0ft(x) 
6ex K \n &ex K \n,||f>||<M 



s 
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for all x G V, provided M is sufficiently large. Since {<pb '■ \\b\\ < M} 
is equicontinuous on bounded subsets, it follows that u is continuous. 
As a continuous supremum of plurisubharmonic functions, it is also 
plurisubharmonic. Therefore P = {x G X : u < 0} is a pseudoconvex 
neighborhood of Q. Since u = on X K \ Q and u < on Q, P R X K = 

a □ 

The second step in the proof of Theorem ll.3l is the heart of the entire 
matter. The goal is to show that arbitrarily "narrow" pseudoconvex 
neighborhoods exist. The critical tool is a theorem about real-type 
holomorphic domination. But first, given a Banach space X, a G X, 
r G R, define 

B(a; r) = {x G X : ||x — a|| < r} 

and -B(r) = 5(0; r). We state a Runge-type hypothesis which we will 
use in the following theorem: 

Hypothesis 3.2. There is a fi G (0, 1) such that for any Banach space 
{W, || \\ w ), e > 0, and g G 0(5(1); W) there is an h G £>(X; W) ^at 
satisfies \\g — < e on B(/i). 

This allows us to state the critical theorem. 

Theorem 3.3. Let X be a complexified Banach space with a Schauder 
Basis satisfying Hypothesis VS. "A let P C X be pseudoconvex, and sup- 
pose P = conj(P). Let u : P — > R be locally Lipschitz, with u < 
on P fl Xr. T/ien t/iere is a complexified Banach space Y and an 
f eO R (P,Y) such that u<\\%f\\. 

Lempert proved an analogous theorem in |L4j . Using Theorem 13.11 
and Theorem 13.31 together, we can prove the following generalized ver- 
sion of Theorem 11.31 

Theorem 3.4. If X^ is a real Banach space with a Schauder basis and 
its complexification, X D X R , satisfies Hypothesis \S. 6 A then any set 
S C has a neighborhood basis in X consisting of pseudoconvex open 
sets. 

This theorem implies Theorem II .31 because a Banach space with an 
unconditional basis satisfies Hypothesis 13.21 by |L2j . 

Proof of Theorem \S.J\ Let G C X be an arbitrary open neighborhood 
of S. We construct a pseudoconvex neighborhood of S contained in G. 
By Theorem 13.11 there is a pseudoconvex neighborhood P of G fl Xr 
such that P fl X K = G fl X K . By passing to P fl conj(P), we can asume 
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P = conj(P). We can also assume G C P. Define u : P — > R by 



u is locally Lipschitz: in P \ G this is obvious, and in G it follows 
from the fact that dist(x, dG) is Lipschitz. Now (P \ G) ("I Xr = 0, 
so if i G P n <9G then H^xH > 0. Therefore dist(y, dG) < \\5sy\\ for 
y in some neighborhood of x, and so a = 1 is Lipschitz there too. 
Theorem 13.31 implies that there is a complexified Banach space Y and 
an / G C? R (P,y) such that it < ||9f/||. Set Q = < 1}. Then Q is 

pseudoconvex, and S C PPXr C Q since 3/ = on Xr. Furthermore, 
if x G Q, then ||Qf/(a;)|| < 1, so u(x) < 1, which implies that x G G, as 
required. □ 

Theorem 13.31 remains to be proven. As in the proof of an analogous 
theorem in (Oj, this proof will be by induction. Given an open set 
P C X, consider those balls B = B(a; r) such that 

(i) B(a;r) U conj (B(a;r)) C P, 

(ii) 2diam B < diam P, 

(hi) P = conj(P) or P n conj(P) = 0. 

Let 23p denote this family of balls. 

Now we are ready to formulate the induction step in the form of the 
following proposition. 

Proposition 3.5. Let X be a complexified Banach space with Schauder 
basis satsifying Hypothesis 1.9. H Let P = conj(P) C X be a pseudocon- 
vex set. If for every B e 03 p there are a complexified Banach space 
{Vb, II \\b) and an fs G Or(P U conj(B),VB) such that u < W^sfsWB 
on B, then there is a complexified Banach space (V, || \\y) and an f 6 
O r (P, V) such that u < \\Ssf\\ v on P. 

This proposition implies Theorem 13.31 Its proof will take up sec- 
tions |U and [HI 

Proof of Theorem YS.tA Suppose not. If u cannot be dominated on P 
by any ||9?/|| such that / G Or(P, Y), then by Proposition 13.51 there 
is a Pi G Q3p such that u cannot be dominated in the same way on 
Pi U conj (Pi). Replacing P with Pi U conj (Pi), we can repeat the same 
argument to produce Pfc+i G 25p fc such that P^+i C B k and u cannot be 
dominated on P^+i Uconj(Pfc + i). Since 2diam P^+i < diam P^, the P& 
converge to a point xo G P. Choose r > such that B = P(xo; r) G Q3p, 
and m has some Lipschitz constant X > on PUconj (P). Since P& C P 
for some A;, m cannot be dominated on B U conj(P). 
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Suppose first that B R Xr = 0. Then 3?xo ^ B, so that 
||xo — Kxoll > r. Set 

N \u(x )\ + \u(xH) \ + 

J\ x ) = jic^-ji x - 

ll^o || — r 

Since \\Qx\\ > \\^Xo\\ — r when x G P, we have ||9?/(a;)|| > |w(xo)| + 
Kr > u(x); and similarly ||3/|| > u on conj(P). 
In the second case, B = conj(P). With f(x) = Kx, 

u{x) < \u($tx)\ + K\\x - $tx\\ < + K\\$fx\\ = \\%f(x)\\. 

Thus in either case there is an / G 0(B U conj(P),C) such that 
11^/11 — u i contradicting our earlier finding. This contradiction proves 
the theorem. □ 

4. Ball Bundles 

One of the tools which we will use to prove Proposition 13.51 is ball 
bundles over finite dimensional bases. The setup is exactly the same as 
in, e.g. |L4j . For convenience, we include the necessary definitions and 
propositions here. After renorming as in |L3t Section 7], we may assume 
that with a given basis {ej} of and l<n<N<M<m< oo, 

M m 

llX^Vill ^ llX^ e J'H' A i eC 

j=N j=n 

This renorming respects conjugation, etc. 

Let 7Tn be a projection on the first N coordinates, and = id — n N . 
Fix P C X pseudoconvex. Let d(x) = min{l, dist(a;, X\P)} and, given 
< a < 1, 

D N (a) = {t G n N X : ||t|| < aN, 1 < aNd(t)}, 
Pjv(a) = {x G X : tt^x G Dn(cy), ||patx|| < adij^Nx)}. 
These sets have the following properties (proved in |L4j ): 

Proposition 4.1. For any pseudoconvex set P , integer N, and number 
a with < a < 1, the following hold: 

(a) Each Pat (a) C P is pseudoconvex. 

(b) For fixed a, each x G P has a neighborhood that is contained in 
all but finitely many P/v(a). 

We will use an approximation theorem for ball bundles: 

Theorem 4.2. Assume Hupothesis VS. "A with some /i 6 (0,1). If 7 < 
2~ 6 pa and V is a complex Banach space then any ip G 0{P^{a)\ V) 
can be approximated by (ft G 0(P; V), uniformly on P N (j). 



A DOLBEAULT ISOMORPHISM THEOREM IN INFINITE DIMENSIONS 11 



This theorem is the same as |L3[ Theorem 3.3]. 
Here is a proposition relating ball bundles to 5Sp. 

Proposition 4.3. Let X be a complexified Banach space, and P = 
conj(P) C X pseudoconvex. For any positive integer N , and any choice 
of a satisfying < 2 7 a < [i 2 < 1, P^{ot) has a finite cover by balls 
B>k = B(xk,rk) such that B(xk,2rk/ fi) G Q3p. 

Proof. Let A = P N (a) H ir N X. Then P N (a) n n N H C B(t;ad(t)) for 
any t G A. For each t there is a relatively open Ut C ^P such that 
Pv(a) n KftUt C B (t; 2ad(t)) . Since {Pt} 4e A covers A, we can find a 
finite set T C A such that {P 4 }t e T covers A. But then {P(t; 2ao?(t))}t G T 
covers Pv(a). 

We claim that each of these balls is contained in an element of Q3p. 
To prove the claim, fix t G A. 

Case 1: 4ad(t)/fi < dist (t , X%). 
We check that B(t;Aad(t)//i) G 23p. Since 4ad(t)/fi < d(t), we have 
B(t;4ad(t)/fi) C P. Also, 

2diam(P(t;4ad(t)//i)) = I6ad(t)/fi < 2d(t) < diam(P). 

Furthermore, 

B(t;4ad(t)/fi) H conj(P(t; 4ad(t)//i)) = 0. 

Therefore, 

B(t;4ad(t)/fi) G <B P . 
Case 2: 4ad(t)//i > dist(t,X M ). We will find a ball B(s; fid(s)/4) 
with s G which contains B(t; 2ad(t)), and then show that 

B(s;d(s)/2) G Q5 P . 

Chooses G PnXjR such that 1|| < 8ad(t)/fi. Let x G P (i; 4ad(t) / fi) . 
Then 

||x — s|| < ||x — t|| + ||£ — s\\ < 16ad(t)/ fjj. 

But 

< d(s) + ||s - 1\\ < d(s) + 8ad(t)/fi, 

so 

d(t) < d(s)(l -4a//x) < 2d(s). 
Therefore, ||se — s|| < 2 5 ad(s)/fi < fid(s)/4. In other words, 

B{t;4ad(t)/ii) C P(s; /xd(s)/4). 

We check that B(s;d(s)/2) G <B P . Since s G X M , B(s;d(s)/2) = 
conj(P(s; d(s)/2). Clearly, B(s;d(s)/2) C P. Furthermore, 

2diam(P(s;rf(s)/2) = 2d(s) < diam(P). 
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Then B(s;d(s)/2) G *8 P . □ 

5. The proof of Proposition 13.51 

In this section, we will use the following conventions when taking 
direct sums of Banach spaces. Given Banach spaces (Xj, || G J, 
define the Banach space ©,- 6 j-Xj to be the set of all bounded collections 
G Xj with the supnorm ||x|| = sup Observe that the 

complexification of ©j g jXjR is JgJ Xj. 

Remark 5.1. Given complexified Banach spaces X, Y an open G C X 
such that G = conj{G) and a function f G 0(G,Y), define f'(x) = 
(f(x)+m)/2, andf"(x) = (/(x)-/(§))/2i. Then f, f" G O w (G,Y), 
f'(x) © f"{x) G 0*(G, Y © Y), and 

\\f(x)\\ < 2\\f'(x) © f"(x)\\ < 2max(||/(a;)||, \\f(x)\\). 

Furthermore, if f is a bounded linear map, then \\f'\\, \\f"\\ < ||/||, and 

||/(x)||<2max(||/'(x)|U|r(x)||) 

for all x G G. 

Some further results are required to prove Proposition 13.51 If A C 
n N X ps and r : A — > [0, oo) is continuous, define the sets 

A(r) = {x G X : 71^2; G A, ||patx|| < rin^x)} 

A[r] = {x G X : 77^0; G A, ||patx|| < r(7r A rx)}. 

Lemma 5.2. Let X be a complexified Banach space with Schauder ba- 
sis, P = conj(P) C X pseudoconvex, N a positive integer, A\ CC 
A 2 CC A 3 CC A^ C vrjv-P, wzi/i = conj(Ai) open, i = 2,3,4, 
A\ = conj(Ai) compact and plurisubharmonically convex in A 4 . Let 
ri : A4 — > (0,oo) be continuous, with 2r\ < r 2 < r 3 < r 4; — logri 
plurisubharmonic on A±, and ri(x) = ri(x) for x G A 4 . Finally, sup- 
pose that all Banach space valued holomorphic functions on At(r 4 ) can 
be approximated by holomorphic Banach space valued functions on P, 
uniformly on A 3 (r 3 ). Then for any complexified Banach space V and 
any function f G 0^.(X, V), there is a complexified Banach space W 
and a g G Or(P, W) such that 

(i) IMI < 1 on Aifri], and 

(ii) ||%|| > onA 3 (r 3 )\A 2 (r 2 ). 

Proof. Set ii = tin, p = pjq. First, we produce a complexified Banach 
space Z and a function G 0^(P, Z) which has norm less than 1/8 
on Ax[ri] and greater than 2 on A 3 (r 3 ) \ A 2 (r 2 ). Consider the constant 
function equal to 4 on X. By |L4| Lemma 4.1], there is a complex 
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vector space V and a function <\>\ G 0(X, V) which has norm less than 
1/8 on Ai[ri] and greater than 4 on A s (r 3 ) \ A 2 (r 2 ). Observe that the 
vector space V produced in |L4| Lemma 4.1] is complexified. Then by 
Remark [5.11 we see that Z = V © V, 4>(x) = (f>i(x) © 4>'({x) will do. 
Now we will need an auxiliary family of functions. Define 

Wx (z) = (A 2 -{z- A) 2 ) = 2\z -z 2 , -1 < A < 1. 

Then w x G C?r(C). Furthermore, w x satisfies: 

(i) \w\(z)\ < 1/2 whenever \z\ < 1/8, 1 < A < 1, 

(ii) w\(z) = \z\ 2 whenever A = $lz, and 

(iii) w\ are uniformly bounded on bounded subsets of C. 

We are ready to define W and g G Cr(P, W). First, let K be the set 
of all real-type linear functionals in the closed unit ball of the dual Z' . 
Let 

W = {bounded maps from K x [—1, 1] to C}, 
with the sup norm; it can be identified with the complexification of 

Wm = {bounded maps from K x [—1,1] to R}. 

Choose q large enough so that 

||/(x)|| < 2 q whenever ttx G A x and||pa;|| < 2 _9 maxr 1 . 

Let 

g(x)(k,X) = (w x (k<p(x))yf(nx + (w x (k<p(x))Ypx). 

Ifx G Ai[n],then (w x (k(j)(x))) q < 2~i, and \\f(Trx+(w x (k<t>(x))) q px)\\ < 
2 q , so ||<7(sc)|| < 1. On the other hand, if x G ^3(^3) \ A2(r2), then 
||0(a;) || > 2, so the Hahn-Banach Theorem and Remark 15.11 imply 
that there is a k G K such that |/c0(a;)| = 1. If A = dt(k(j)(x)), then 
w x (k(j)(x)) = 1. In this case, g(x)(k, A) = f(x), so ||Q ; ^(2;)|| > ||9f/(a;)||. 
Furthermore, since w x , k, <f>, n, and p are of real type, so is g. □ 

Lemma (5.21 implies the following proposition, similar to L4, Propo- 
sition 4.2]: 

Proposition 5.3. Assume Hvpothesis \3. 6 A and let 2 5 /3 < a < 2~ 8 p. If 
Z is a complexified Banach space and g G Ck(X; Z), then there are a 
complexified Banach space W and h G 0^(P; W) such that 

(i) \\h{x)\\ w < 1 ifxeP N (/3), and 

(ii) \\$*h(x) || w > ||%(^)IU if x e P N+ i(a) \P N (a). 
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Proof. Recall that d(x) = min(dist(x, dP), 1). Note that since 2 5 j3 < a, 
if T\ = 4/3d, r 2 = ad/ 4, then 2r\ < r 2 . The rest of the proof is the same 
as in |L4t Proposition 4.2], except substituting Lemma 15.21 for |L4| 
Lemma 4.1]. □ 

Proposition 5.4. Let X, V be complexified Banach spaces such that 
Hypothesis \3.%\ holds for X, and let B = B{a;r) C X satisfy B H 
conj(B) = Bor(b. If U = B U conj(B) and f G O r (U, V), then there 
is a complexified Banach space W and a function g G Om.(X, W) such 
that Il^/H < H^H on B [a; fir j 2). 

Proof. 

Case 1: B = conj(5). Then a G Xj&. By Hypothesis 13.21 there is an 
h G 0(X, V) such that ||/ — /t|| < 1 on B{a;fir). In fact, replacing 
h by h! as defined in Remark 15.11 we can assume h G O r (X, V) . It 
follows that f — h and Ss(f — h) are Lipschitz on the ball B(a; fir/2), 
with some Lipschitz constant M. Let W = V © X with the supnorm, 
and g(x) = h(x) © Mx. Then for any x G B(a; fir/2), 

\m(x)\\ < \\Qh(x)\\ + \W(x)-h(x))\\ 

< \\$fh(x)\\ + \\Q{(f(x) - h(x)) - (f(U(x)) - h(X(x)))}\\ 

< \\$fh(x)\\ +M\\$fx\\ = ||%(z)||. 

Case 2: B fl conj(£>) = (and therefore 1 1 Q=a 1 1 — r > 0). By Hypothe- 
sis EOl there is a function g G 0(X, V © C) such that 

\\g- (2/©2z/(||9to|| -r))|| < 1 on B(a;fir). 

After replacing g with </ as in Remark |5~T1 we can assume g G O r (X, V® 
C). Whenever ^/(rc)!! > 1, we have 

||%(x)||>2P/(x)||-1>P/(x)||. 

Whenever ||S/(a;)|| < 1, we have 

||%(x)|| > 2||9fx||/(||3fa|| - r))|| - 1 > 1 > ||3f/(x)|| 

on B(a; fir). □ 

Now we are ready to prove Proposition 13.51 (and then Theorems 13.41 
and II .31 will be fully proved). 

Proof of Proposition \3. 51 With fi as in Hypothesis I3.2( let < 2 8 a < 
fi 2 < 1. By Proposition 14.31 eacn Pn(&), N = 1,2, . . . has a finite cover 
{Bk}k =1 , B k = B(x k ,r k ) such that B(x k ; 2r k /fi) G Q3p. For each k, 
there are a complexified Banach space V k and a 

g k G R (S(z fc ; 2r fc //i) U con](B(x k ; 2r k /fi)), V k ) 
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such that u < \\^sfk\\ on B(xk, Ir^j \i) U conj(P(xfc; 2rfc//i)). By Propo- 
sition 15.41 there are a complexified Banach space and an G 
Osi(X,Ef.) such that H^/ifeU > ||S&7fc|| on B k . Let Wn = ©V^, and 
let 4>n G Pr(-X", Wat) be defined by 4>n{x) = (hi(x), h 2 (x), . . . , h n (x)). 
Then ||9$jv|| > ^ on Pjv(a). By Proposition l5.31 there is a complexified 
Banach space Zat and /at G Or(P, -ZaO such that 

(i) H/atOOII <lifxeJV</3>, and 

(ii) P/ivWII > \\$*Kx)\\ if xeP N+1 (a)\P N (a). 

— — -oo 

Now we can take Z = Wi, fo — (pi, Y — kj) n= qZ n , and / = 
(fo, fx, f2, ■ ■ •)■ By Proposition 14.11 for each x <E P there is a neig- 
borhood of x contained in some P/v(a). Therefore the sequence {/at} 
is locally bounded, so / G Or(P,Y), and > u. □ 

6. ACYCLICITY 

In order to prove Theorem II. 21 we will require the following technical 
topological proposition, whose proof is similar to that of [01 Proposition 

2]- 

Proposition 6.1. Let X be a paracompact H aus dor ff space, A C X a 
closed subset, {U}^ a relatively open cover of A, and for each i G /, 
Uj C X a neighborhood of Ui . Let q be a positive integer. For each 
I' C I of cardinality at most q, let a neighborhood Up C X of f] ieI , U 
be given. Then there are a neighborhood P of A, a function a : J — > I, 
and an open cover {Vj}j e j such that Vj C U a j, and fljeJ' ^ j^P C U a p 
for all J' C J of cardinality at most q. 

Proof. By passing to a refinement, we may assume that {Ui} is locally 
finite. Choose any locally finite open cover {Vj}j e j of A and a : J — > / 
so that Vj C U a j. Then for each x G A there is a neighborhood P(x) 
of x such that 

(i) P(x) n Vj ; ^ if and only if x G F i; and 

(ii) P(x) is contained in the intersection of all Up containing x (of 
which there are finitely many). 

Now define P as the union of all P(x). Given J' C J of cardinality 
at most q, and y G fY/gj' V i ^ we mus t show that y G Since 
y e P, y e P(x) for some x e A. But P(x) n V) ^ for all j G J', so 
x G f| je j' Vj-flAc C/^j/. Therefore, P(x) C C/^j/. □ 

Lemma 6.2. Let 6e a real Banach space, Q C Xr open, and P — > f2 
a rea/ analytic Banach bundle. There exist a neighborhood W C X of 
Q and a holomorphic Banach bundle E W whose restriction to Q is 
the complexification F <%> C of F. 
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Proof. We can assume that fl is connected, in which case all fibers of 
F are isomorphic. As in the finite dimensional case, F is determined 
by an open cover {Uj} together with a real Banach space Yr and real 
analytic transition functions 

gij : Ut n Uj -> End(F M ) 

satisfying 

(i) gij(x)gji(x) = idy R for x & UdUj, and 

(ii) gij{x)g jk {x)g ki {x) = id Yn for x 6 U t n C/,- n 17*. 

It is not hard to see that the complexification of End(lR) can be 
naturally identified with End(Y). By the definition of real analytic 
functions, each g^ can be holomorphically extended to a function g^ 
on a neighborhood U^ C X of f/j fl £/j. We can take Uj so small 
that gij(x)gji(x) = idy on C/^-. Further, choose neighborhoods U^ of 
U fl C/j fl C4 so that gij(x)gjk(x)gki(x) = idy for x & U P\ Uj P\ U k - 
If f2 is an open subset of X K , then by Proposition 16.11 after replacing 
{Uj} with a refinement, we can find a neighborhood Vj C X of each [7j 
such that H Kj C f/jj. Then <?y extends to V{ fl Vj holomorphically. 
The holomorphic extensions g^ define a holomorphic vector bundle on 
W = {JV 1 . ' '' □ 

We will now prove Theorem 11.21 in fact, we will prove the following 
more general version: 

Theorem 6.3. Let Xjj be a real Banach space with a Schauder basis 
satisfying Hypothesis \3.°A let Q C be open, F — > Q a real analytic 
Banach bundle, and A r the sheaf of real analytic r— forms with values 
in F. Then H P (Q, A r ) = for p > 1, r > 0. 

Proof. Let il be an open cover of Q. Consider a real analytic p-cocycle 
c e C p (it, A r ), p > 1. We wish to show that, after sufficient refinement 
of il, c becomes a coboundary. We accomplish this by complexification. 
It can be assumed that F is trivial over each U 6 H. Let E — > W be 
as in Lemma [6.21 

We extend each component of c on Q to some holomorphic section 
of E over some neighborhood Up C X of each p + 1-fold intersection 
C\i£i> Ui, and construct the corresponding neigborhood P of fl and open 
cover 2J = {Vj}, as in Proposition 16.11 In view of Theorem II .31 we can 
take P and each Vj to be pseudoconvex. 

This enables us to apply the following theorem from |L5j : 

Theorem 6.4. Suppose X is a Banach space with a Schauder basis and 
Hypotesis \3. 1 holds. If P C X is open and pseudoconvex, E — > P a 
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locally trivial holomorphic Banach bundle, and q > 1, then H q (P, E) = 
0. 

This implies that we can find a holomorphic cochain b G C p_1 (23, E) 
whose coboundary is the extension of c. Taking fiberwise the real part 
of b\ n we obtain afe'e C p -\!d, F) with 5b' = c. □ 

Theorem 11.11 follows, again in greater generality: 

Theorem 6.5. If X is a complex Banach space with a Schauder basis, 
and satisfies Hypothesis \S.S\ then 

Ker {d:T(Q,A , q )^r(Q,Ao, q+ i)} 



H q (n, e) 



Im{d:T{n,Ao, q -i)^T{n,Ao, q )} 



Proof. First, recall the local solvability of the d— equation mentioned 
in Section [T] and proved in |L1| Proposition 3.2]. Second, observe that 
A r = ® p+q=r A p , q . Then H n (Q,A r ) = implies H n (fl,A , r ) = for 
all r > 0, n > 1. These are the two ingredients required in the hypoth- 
esis of the abstract deRham Theorem (see, for example, |W| Theorem 
3.13]). The isomorphism theorem follows at once from this. □ 
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